Conformal Mappings

By Filimone Latu
University of Adelaide, Australia.
Basic Mappings: Translation, Rotation, Dilation and Inversion

We begin by discussing family of mappings, under which certain properties of the images
from the target set (codomain) remain unchanged from the pre-images in the source set
(domain). Let be a mapping where both source and target are the complex

plane . Suppose is defined by , then the given mapping is a

. It takes set of points (objects) in  -plane and translates it by constant

onto itself. Such mappings keep sizes and shapes invariant.

We set with and isreal. Then  maps pointsin -plane onto
itself by means of . All the image points are of the same distance as pre-image
points from the origin witharg arg . The mapping : , takes

set of points in  -plane and either stretches it or shrinks it, except for 1.S0 isa

. Consider ,then ~ maps Re 0 (right half of -plane) onto
Im 0 (upper half of  -plane). Since arg > geometrically set of points of
Re 0 with — arg > are mapped onto set of points of Im 0 with
0 arg > So in general the mapping Is a composition of rotation and
dilation.
Now define map by 1. This map takes points closer to the origin and maps

them far from the origin (closer to ) and those far from the origin are mapped closer

(far from) to the origin. That is, for any Owe can find a 0 such that if | |



then| | . Thismap is called an or . This is an injective

mapping from the extended complex plane onto itself with the origin being mapped onto
and vice versa. Certain symmetries take place with respect to the unit circle and the

real axis. The outside (inside) point of the unit circle are mapped onto the inside(outside)

points of the unit circle. And the points above (below) the real axis are mapped onto

points below (above) the real axis.

We illustrate the effect 1 has on points in  -plane being mapped onto itself.

Let

Then we have

T T T )
Considering
i 0, .., , 2 .
represents a circle if 0 and a straight line if 0.So 1 maps 1.2 onto
the set | ‘2 0 whichisacircleif 0 and astraight lineif 0.
The mapping 1 has the properties of mapping circles and straight lines onto

circles and straight lines. The key lies in the fact that origin maps onto . Every straight

line but no circle passes through the point at



Linear Fractional Mappings:

Definition 1

Let be a mapping given by —— where both  and nonconstant 0
are linear. The mapping s called mapping.
Set : . The mapping is linear when 0 and it is the
inversion map when 0, . We rewrite  as

_ - — 0. 3

Then the result is a composition of the basic mappings of dilation(magnification),

rotation, translation and inversion which we exhibit in the following steps.

Dilation (magnification) and rotation:

Translation: ,

. 1
Inversion: ,

Dilation (magnification) and rotation: and then
Translation: — ———.
So if then  cannot be constant. It follows that  is now injective onto the

extended -plane and is also linear fractional since

Rewriting this yields 0, which has the general form

0 thatislinearin  and . Now suppose that 0 and consider

equation 1.1 then we can deduce the following mappings:



: L,and - — - —

They all map circles onto circles and straight lines onto straight lines. These results are

summarized in the following.

Theorem 1:

Conformality and Holomorphic Automorphisms

Some topological preliminaries
We examine the properties of holomorphic mappings. Some topological preliminaries are
presented to facilitate our discussion of conformality and holomorphism of mappings. We

denote the open disc centered at , with radius by o :| 0| Ctis
called the " of ,.Aset is if for any we can find 0
with o . isclosed if its complement is open. The , denoted
by ,isthe set of points whose -neighborhood have nonempty intersection with
and its complement. The is given by .Wesay isbounded if
0;# forsome # .Set is if it is closed and bounded. The open set
IS if we have two disjoint, nonempty open sets $,% such that

$ %. is if it is not disconnected. Wesay isa if it is an open

connected set.



The curve , is if , are continuous

on , and continuously differentiable on each subinterval , , , ., , ,...., |,

of some partition , . The curve is if it is differentiable and that 0
for every

Definition 2

Let ,, , betwosmooth curvesin intersecting at point . Then we define the

L 5 .+ » , tobetheangle from tangent line to , to the tangent line
to , at , measured anticlockwise. Furthermore let : be a map defined
in o;  forsome 0.If forall curves | and ,, oo 1 5
then s at .
Definition 3
Let := 1 =1 be a function. We say s ( at if s
injective on some neighborhood of ,. Wesay is ( if for
distinct points ., , , 1 , . Furthermore s called if it is both

holomorphic and injective.

Now we state and prove the result concerning property of univalent mapping. The proof

follows closely the approach of Bak and Newmann [2].

Theorem 2

isaregionin & -



Proof:

Suppose is a smooth curve given by on * with 0
Then Is the direction of the tangent line , to at , with
arg , v , the angle of inclination from -axisto , . Now define the
image of the curve by and so applying chain rule to  the angle
of inclination at 0 o IS

arg arg o arg o o ag , arg , .

So maps curves at , to curves with angle of inclination increased by arg o - Let

.+ » beanytwo smooth curves intersecting at , with respective images , and

, Intersecting at o - Itthen follows oo L )
Regarding the injectivity of ~ , we show is injective in a neighborhood of , *.
Let 0 (constant) and consider 0 be a small enough number such that

has no root in o, otherthan . The existence of 0 is guaranteed by
the Identity Theorem. We define o, bethe circle centered at , with radius

traced once counterclockwise then by the Argument Principle

1 1 n 1 n 1 n
2 2 2 !
for every 7 ;# since the winding number (see [2] for the full discussion) is
locally constant. Now let such that o ! ;# . Then we have
1 1 n 1 n
2 1 2 2
1 1




So the values of 1 , are assumed once inside o, Sothatif ,

then 1 ,  thereby proving the injectivity of  inaneighborhood of

We proceed on to discuss how linear fractional mapping is utilized to map a region onto
itself, in particular the unit disc o |

Definition 4

Let be a mapping of a region onto itself. If  is conformal then it is called an

of the region

Let examine how holomorphic automorphisms of unit disc i1 may be
characterized. This is discussed in [7]. As discussed in 1.1 the mapping 8 ,
is a rotation anticlockwise. Let with | | 1and let

_ 4

1
Then is holomorphicon | | 1.Taking | | 1 we then have * % ,andthat

%
& & -

So up to the factor ¥ with ‘ $‘ 1, the quotient’s denominator is the conjugate of the

numerator. And so | | 1 ‘ ‘ 1 Applying maximum modulus principle, we
deduce that if | | 1 then ‘ ‘ 1. Then by the open mapping theorem, if | | 1 then
‘ ‘ 1. Therefore gives a holomorphic automorphism of ;1

The next theorem is not only central to the proof of the Riemann Mapping Theorem but it
will also be used in our discussion of the automorphism of the unit disc. See Lang[7] for
the proof.



Theorem 3 (Schwarz Lemma)

- o 01 0:1

We now state and prove the conclusive fact that up to rotation these are the only

automorphism of the unit disc, following the approach of [7].

Theorem 4
. k || 1 0!
&
&£
1 =
Proof
Consider equation 1.4 so that is an automorphism. Then "isan

automorphism of  with 0 being mapped to 0. So the theorem is proved if we show that

the function

is of the form

By the first part of the Schwarz Lemma we have | | 1implying | | |]|.

1

Because also has a zero at the origin, we get | | ‘ ‘ . Then by the second part

of the Schwarz Lemma, it follows s



A direct implication of this theorem is

Corollary 1
+ 0 O

We present and discuss an example of an isomorphism of the upper half of  -plane and

the unit disc.
Let — be the upper half of  -plane and ;1 be the unit disc. Now we claim that the
mapping
is an isomorphism of —  with ;1 . To show this is the case we proceed as follows.
Let . Then with we have
Because - and Owethenhave  1° 1%. And so
2 1 2 | |2 2 1 2 | |2

which implies
Therefore  maps — into ;1 . Writing  as

— %

1

Letting with then by direct computation we find if | | 1 then the
imaginary part of —i is greater than 0. Therefore

!
1



maps :1 into — . Butby construction and are inverses of each other and so

they are inverse isomorphisms of — and :1 . We summarize this discussion by the
following.
Theorem S
L= 1 !
¥ 4 Im O.
Proof
We let
Then  maps real axis onto the unit circle since | | | 7| if isreal But
Oand Im O0so maps — onto ;1 . Now let  be any conformal
mapping of — onto ;1 and 0. Then we can write  as

, isan automorphism of the unit disc.

But because 0 0 , then ¥ and therefore

We conclude this chapter with a result concerning the fixed point of a linear fractional

mapping.

Definition 5

Let and | f o o then iscalleda of

Proposition 1

, unless s the identity.



Proof

Let

If 0, then defines a quadratic 2 which has at most two
solutions. We note also that — .Now if  0,then is linear with

having one solution in the finite complex plane. Since in this case , We may
consider  as the second fixed point. In the case where , we have no fixed
point in
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